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Abstract

In this study sensitivity analysis of various inputs is discussed, when per unit cost of principal raw materials is
increased. The organization has its main target of achieving maximum profit through the adjustment of various
inputs and outputs in future production. In this study Cobb-Douglas production function is considered as a profit
function to investigate sensitivity analysis during profit maximization procedures. In this article the method of
Lagrange multiplier is applied to represent higher dimensional unconstrained problem from the lower
dimensional constrained problem. Moreover, the determinant of the 6x6 bordered Hessian matrix and 6x6
Jacobian are applied for the augmentation of the sensitivity analysis efficiently.
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1. Introduction

From the 19 century mathematical modeling became a popular method in social sciences (Samuelson, 1947). It
supports mathematical concepts and language, and moves through an iterative process. In recent years it is using
in economics and it increases welfare of the society (Eaton & Lipsey, 1975). The economists have gained
enormous benefits from it. It helps the organizations for the development of their financial structure (Ferdous &
Mohajan, 2022).

In this paper we have used Cobb-Douglas production function as an operation tool to discuss sensitivity analysis
(Cobb & Douglas, 1928). We have used the determinant of 6x6 bordered Hessian matrix, 6x6 Jacobian, and four
input variables; and have operated the overall study for sensitivity analysis. An organization not only hunts its
own benefits but also sees the welfare of the society where it survives. In this study we have tried our best to
give mathematical calculations more clearly in every step of our procedures.

2. Literature Review

In any kind of research, the literature review is a beginning section, which deals with a secondary research
source where a researcher shows the works of previous researchers in the same field (Polit & Hungler, 2013).
Two American professors, mathematician Charles W. Cobb (1875-1949) and economist Paul H. Douglas
(1892-1976) have derived the functional distribution of income between capital and labor (Cobb & Douglas,
1928). Later, another two US scholars: mathematician John V. Baxley and economist John C. Moorhouse have
established a mathematical formulation for nontrivial constrained optimization problem with special reference
for the application in economics (Baxley & Moorhouse, 1984).

Jamal Nazrul Islam, a famous mathematician of Bangladesh, and his dedicated coauthors have discussed the
profit maximization problems by the representation and reasonable interpretation of the Lagrange multipliers
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(Islam et al., 2009a, b, 2010a, b). Shaiara Husain and Md. Shahidul Islam have used the Cobb-Douglas
production functions for impressive average annual growth of manufacturing sector of Bangladesh (Husain &
Islam, 2016). Mathematician Pahlaj Moolio and his coauthors have also analyzed optimization problems in an
organization (Moolio et al., 2009). Devajit Mohajan and Haradhan Kumar Mohajan have discussed profit
maximization policies by using four variable inputs (Mohajan & Mohajan, 2022a).

3. Research Methodology of the Study

Research is an essential device to the academicians for the leading in academic area (Pandey & Pandey, 2015).
Methodology is a guideline for performing a good research that helps the researchers to increase the trust of the
readers (Kothari, 2008). Hence, research methodology is the collection of a set of principles for organizing,
planning, designing and conducting a good research (Legesse, 2014).

We have used 6x6 bordered Hessian matrix and 6x6 Jacobian to make the profit function interesting to the
readers. In this study we have depended on the optimization related mathematical secondary data sources
(Mohajan, 2017b, 2018a, 2020).

4. Objective of the Study

The foremost objective of this study is to deliberate sensitivity analysis of various inputs of an organization
when the cost of its principal raw materials is increased. Profit maximization is every organization’s crucial
objective and sensitivity analysis will help to know about the future production of the organization if cost of any
one or more inputs is changed. Other insignificant but related objectives are as follows:

e to provide the predictions accurately,

e to show the mathematical representation properly, and

e to encourage the young researchers in the mathematical modeling in economics.
5. Economic Model
Let us consider that an organization uses X, quantity of capital, X, quantity of labor, X; quantity of principal
raw materials, and X, quantity of irregular inputs. Now we can introduce Cobb-Douglas production function as a
profit function for this study (Islam et al., 2011; Mohajan, 2018a),

P:f(xl,xz,x3,x4)=Axf’x§’x§xj (M

where 4 is the technical process of economic system that indicates total factor productivity. Here p, ¢, r, and s are
parameters; p indicates the output of elasticity of capital measures the percentage change in P for 1% change in X,
while x,, x,,and X, are held constants. Similar properties bear parameters g, r, and s. The organization wants
to maximize the profit function (1) for the sustainability in the global economic environment. The values of p, ¢, r,
and s are determined by the available technologies, and must satisfy the following four inequalities (Moolio et al.,
2009; Mohajan, 2021a):

0<p<l,0<g<l,0<r<l,and O0<s<I. )

A strict Cobb-Douglas production function, in which @ = p+¢g+7+5 =1 indicates constant returns to scale,
® <1 indicates decreasing returns to scale, and ® >1 indicates increasing returns to scale (Roy et al., 2021;
Mohajan, 2022).

Now we consider that the budget constraint,

B(x,,x,, x,,x, )= kx, + Ix, + mx, + nx,, 3)

where k is rate of interest or services of capital per unit of capital X, ; /is the wage rate per unit of labor X, ; m is

the cost per unit of principal raw material X;; and 7 is the cost per unit of other inputs X, .

Now we introduce a single Lagrange multiplier 77, as a device; and by using equations (1) and (3) we can
represent the Lagrangian function W (xl, X5, x3,x4,77), in a 5-dimensional unconstrained problem as follows
(Mohajan & Mohajan, 2022b; Mohajan, 2021b):

W (x,, %y, X3,X,,7) = AxPxIx; x5 + 17 (B — hkox, — Ix, — mox, — nx, ), 4)
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where a—BZBI, a—BZBz, a—VVZWI, a—W=W31, a—VZ
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=W,,, etc. are partial derivatives. Let us

consider the determinant of the 5x5 bordered Hessian matrix as,
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Taking first-order partial differentiations of (3) we get,
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Taking second-order and cross partial derivatives of (4) we get,

W, = p(p—1)Ax!xix}x;,
Wy, = Q(q_l)Axl ;. zxgxi,
Wi = e —1)Axf i,
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qg-1 r_s

W, =W, = pqAx!~ xz X3Xy,

r=1_.s

Wy =W,y = prax)” ' xix; 'x;,

Wiy =W, = psdx{” xzxng 1, (7

g-1_ r-1_s

Wy =Wy, = qrdxx; 3" x,,
_ _ q =1_r_s-1
Wy =Wy = qsAxx3 x;x, "

Wiy =W,y = rsAxl i .
Now we expand the bordered Hessian (5) as,

3np2 3p 3r 3s
|H| _ A’B pqrsx1 00X x;

>0 ®)
X X%, 0

where 4>0, a,b,c,d >0, and budget, B >0, therefore, |H | > (0. Hence, the profit is maximized
(Mohajan et al., 2013; Mohajan & Mohajan, 2022c¢).

6. Highlights on Matrix Operations

We have observed that the second order condition is satisfied, so that the determinant of (5) survives at the
optimum, i.e., |J | |H | hence we can apply the implicit function theorem. Let G be the vector-valued
function of ten variables 7] xl R xz, x3, x4,k [,m,n, and B, and we define the function G for the point

30



FRONTIERS IN MANAGEMENT SCIENCE

JUN. 2023 VOL.2, NO.3

(n*,xl*,x;,x;,x:,k, l,m,n, B)ERIO, and take the values in R’ . By the Implicit Function Theorem of

multivariable calculus, the equation,

may be solved in the form of
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The inverse of Jacobian matrix is, J ' =—C" , where C = (Cl.j ), the matrix of cofactors of J, where T

Y
indicates transpose, then (11) becomes (Mohajan, 2017a; Mohajan & Mohajan, 2022d),
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__xlql_rlczl -G -G, =G -G, —xG-1G G |
GG, =G -1G,  —xG-nC,  —xG-1G, Gy
JG:_M =G —1Cs GG —xGy-nGy =Gy Gy (12)
—XC—1G —x5G,-1G, —xG-nGy -GGy Gy

__xlcls_nczs —XZGS—T]Q,S _)%C|5_77C45 _X4C|5_77C55 Cls_

In (11) there are total 25 comparative statics, and for sensitivity analysis we will try only four of these to predict the
economic analysis for the profit maximization (Baxley & Moorhouse, 1984; Mohajan & Mohajan, 2022¢).

7. Sensitivity Analysis

Now we analyze the effect on capital X; when per unit cost of principal raw material, m increases. Taking T23
(i.e., term of 2™ row and 3™ column) from both sides of (12) we get (Islam et al., 2011; Roy et al., 2021),

aXI_x3[ 12] 77[ 42]

om J|" ]
=5 Cofactor of C, + 7 _Cofactor of C "
1 1
—-B W, W W, 0 -B, -8B, —B,
_ X3 _Bz sz Wz3 Wz4 nr Bl VVIZ Wl3 Wl4
|J| - B3 VV32 VV33 Ws4 |J| - Bz sz Wz3 VV24
- B4 W42 VV43 W44 - B4 W42 43 I/V44
X sz %3 %4 - Bz Wz3 Wz4 - Bz Vsz VV24
:_ﬁ _BIVVSZ W33 W34 _le_B3 VV33 VV34 +VV13_B3 W32 W34
W42 W43 W44 - B4 VV:B VKM - B4 VV42 VV44
_Bz Vsz VV;3 _Bl W13 W14 - Bl VVlz VVI4 Bl le W13
_Wl4_B3 W32 VV33 +| | Bz_Bz W23 W24 _B3_Bz Vsz %4 +B4_Bz sz W23
_B4 W42 W43 4 W43 W44 - B4 W42 W44 - B4 W42 W43
X3

= __[_ Bl {sz (W33W44 - W43W34 )+ W23 (W42W34 - W32W44)+ W24 (W32W43 - W42W33 )}

- W12 {_ Bz (WsaW44 - W43Ws4)+ W23 (_ B4Ws4 + BsW44 )+ W24 (_ BaW43 + B4W33 )}
+ Wls {_ B2 (W32W44 - W42W34 )+ W22 (_ B4W34 + B3W44 )+ W24 (_ BsW42 + B4Ws2 )}
- W14 {_ Bz (Ws2W43 - W42Wsa )+ W22 (_ B4Wsa + BsW43 )+ W23 (_ BaW42 + B4W32 )}]

' |777|[Bz {_ B, (W23W44 - W43W24)_ W13(_ BWy +BW,, )+ W (_ B.Wy + B, )}

- B3 {_ Bl (szW44 - W42VV24)_ le(_ BzW44 + B4Wz4)+ VVI4 (_ szV42 + B4VV22 )}

+ B4 {_ Bl (VV22W43 - VV42VV23 )_ VVIZ (_ 32VV43 + B4Wz3 )"’ Wl3 (_ BzW42 + B4VV22 )}]
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-B W22W33W44 + B1szW43Ws4 - B1WstV42VV34 + B1Wz3W32W44 - Bll/V24W32W43

+Ble4W42Ws3
+32VV12W33W44 _Blesz43W34 +B4leVV23VV34 _B3VV12WBW44 +B3VV12VV24W43 _B4leW24VV33
= BW Wy Wy + B Woo Wy = BaW W, Wy + BW W, Wy = BIW W Wy + BW 0,005

+ le/V14WszW43 - Ble4VV42W33 + B4Wl4VV22VV33 - B3VV14szW43 + B3Wl4VV23W42 - B4Wl4VV23VV32}

n
o {_ BleW23W44 + 3132W24VV34 + Bzzl/VwVVM - BzB4WlsW24 - BZZVK4W/34 + BzB4VV14W23

]
+ BIB3VV22VV44 - Bleszi - BZB3VV12W44 + BzB4W12W24 + BZB3VV14VV24 - BzB4W14VV22 - BIB4VV22VV34
+ BB W, Wy + BBV, Wy — BjW;szm —B,B W Wy + BjVVBVVZZ}
X AP %)

=2 2R B8 L lg(q-r(r—1s(s—1) + kelq(g —1)rs® —heiqrs® +haigPris(s 1)
|J| X X5 X5X;

—klgtrist +kgtr(r=1)" +bgx,pgr(r—1s(s—1)  —Iyx,pgris®  +nxx,pq’r’s

+mx,x,pq’rs’ —mxx,pg’rs(s—1)  —nmxx,pg’r(r—1)s  —x,pgris(s—1) +bx,pgr’s’®

—nx,x,pg(qg—1)s  +mxx,pq(qg—1)rs(s—1) —mxx,pg’rs®  +nx,x,pg’r’s  +Ix,x, pqr’s®

—Ixpe, pgr(r —1)s* +nxx,pq(q—1)(r=1)s —mx,x,pq(qg —1)rs® +mx,x, pg*rs® —nx,x,pg’r’s)
22

AZ
7 AN {—klxlzxzxﬂrs(s—l) + kIl x,x,qrs® + Px,x2x, pgs(s —1) —nlx,x,x,x, pqrs

2.2.2 2
|J| X[ X5X;X)

—Px,x2x,x,prs” + nlx,x,x,x, pqrs + kmxfqu(q - l)s(s - 1) —kmx}xiq’s® — lmxlxzxqus(s - 1)

+mnx,x2x,pg’s +Imxx,x2pgs® —mnxx2x,pq(qg—1)s —knx’x,x,q(q—1)rs +knx’x,x, pg*rs
+ nlx,x, XX, pars —nx,x,x2 pq’r — nlx,x,x,x, pqrs +n*x,x,x2 pqlq — l)r}
3r 3s

3
x4 parsx’xx) x; {—kxfp_l(q—l)(r—l)(s—l) el p (g —1)rs —kx’p'qrs —kxlp~'qrs

|J| XX %%,
+hrixTqr(s—1) +h’pTlq(r—=1)s  +Ixx, (r - 1)(5 - l) —Ixx,rs  +nxx,qr - mx1x3q(s - 1)

+mx,x,qs — nx1x4q(r - l) - lxlxzr(s - l) +Ix,x,rs — nx1x4(q - l)r + mx, x; (q - 1)(5 - 1) — MX,X,qS
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+nx,x,qr +Ixx,rs —Ixx, (r - l)s + nx,x, (q - 1)(r - l) — mXx, X, (q - l)s +mx,x,qs — nx1x4qr}

2 2p 2q 2r_ 2s
+LA X Px50x X,

PGS
Aqrxx)x;x,0x,x, {_
2 2
|J| X, X5 X,X; B

kilx,x, (s - l) + kilx,x,s + lzxzzprs(s - 1) —I’x; prs’

+kmx1x3q(q—1)s(s—1) — kmx,x,q’s” —lmx2x3pqs(s—1) +Imx,x,pqs’  +mnx,x,pq’s

- mnx3x4pq(q - l)s — knxlx4q(q - l)rs +knx,x,pq’rs —n’x, pq’r + nzxqu(q - l)r}

3 3p . 3q 3r_ 3s 3 3p 3q 3r_ 3s
1 A pgrsx;"x;"x3"x," B 1 A pgrsx;”x;x;"x;" B

= 1-© —
|J| X, %,%,0 {( )+(p+q+r+s)} ’ |J| X,05%,X,0
ox, 1 Apgrsx?x)'x)x)'B 1 A pqrsx,”xy'x;'x;’ B
o __ L - =0. (13)
om |J| X,5%,%,0 |J| X0 %,%,0

From the relation (13) we have realized that when per unit cost of principal raw material, m increases, there will
be no effect on the level of capital X, . Hence, from this study it seems that there is no relation between capital
X, and principal raw materials X, . In any organization, principal raw materials are the necessary goods and
perhaps increased cost is managed from the profit of the organization or it is managed from the other sources of

funds.

Now we inspect the effect on worker X, when per unit cost of principal raw material, m increases. Taking T33
(i.e., term of 3™ row and 3™ column) from both sides of (12) we get (Mohajan, 2022; Wiese, 2021),

ox, X n
=2 _3c,|+=[C
om |J|[ 13] |J|[ 43]
=5 Cofactor of C,+ T Cofactor of C 5
1 1
_Bl VVII I/V13 VVI4 0 _Bl _Bz _B4
:ﬁ_Bz VVZI Wz3 Wz4 _l_Bl Wll VVIS VVM
|J|_Bs VV31 VV33 VV34 |J| Bz Wzl W23 Wz4
_B4 I/V41 W43 I/V44 _B4 W41 W43 W44
Wzl W23 Wz4 _Bz Wz3 VV24 _Bz VVZI VV24
X
_ﬁ -B\W, W, W, _VV11_33 VV33 Ws4 +VV13_B3 W31 W34
W:u W43 VKM _B4 VV43 VV44 _B4 VV41 VV44
_Bz W21 W23 n _Bl Wl3 VVI4 _Bl VVI VVM _Bl VVII Wl3
W14_B3 W31 W33 _m BI_BZ VV23 Wz4 _B3_Bz I/Vz W24 +B4_Bz VVZI Wz3
_B4 W41 W43 _B4 I/V43 W44 _B4 VV4 VV44 _B4 I/V41 I/V43
X
= ﬁ[‘ Bl {Wzl(WasWM - W43W34)+ W23(W41Wa4 _W31W44)+ W24(Ws1W43 - W41W33 )}
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- W11 {_ B2 (W33W44 - W43W34 )+ W23 (_ B4W34 + BaW44)+ W24 (_ BaW43 + B4W33 )}
+ Wls {_ B2 (W31W44 - W41Ws4)+ W21(_ B4W34 + BaW44)+ W24(_ B3W41 + B4Ws1 )}
- Wl4 {_ B2 (W31W43 - W41W33 )+ W21 (_ B4Wsa + BsW43 )+ W23 (_ BsW41 + B4Wsl )}]

- |777|[Bl {_ Bl (W23VV44 - I/V43VV24)"" VV13 (_ B4W24 + le/V44 )+ VVM (_ BzVV43 + B4W23 )}
- B3 {_ Bl (Wle44 - VV41VV24)+ VVII(_ B4W24 + B2VV44)+ VVM(_ BzW41 + B4Wzl )}

+ B4 {_ Bl (WleV43 - VV41Wzs )+ Wll(_ B4Wz3 + BzW43 )+ Wl3 (_ B2VV41 + B4Wzl )}]

{B WoWssWou = BWoyWisWsy + BWy W Woy = BW W Way + BWo, WWoy — B, W, Wy

_BZVVIIVVBVVM +B2WUVV43W34 _B4VV11Wz3W34 +B3VV11WBW44 _B3WUW24VV43 +B4W11W24W33
+B W W Wy =B W Wsy +BW W, Wy —BW W, Wy +BW W Wy = BWW,05

= B WWas + B W Was = BV Wy Way + BIW Wy W s = BV Wi, + B4W14W23W31}

n
|J|{ B WysWa +B12VV24W43 BB W W, +BBW W, —BBW Wy +BBW W,

+BBW, W,y  —BBW, Wy, +BBWW,, —B,BW\W, +B,BWMW, -BBW W,
~ BB W, Wy + BBW, W, _BjW11W23 +B,BW\W,3 = B,BW Wy, +BjVV13W21}
X AxPxx) X

|J| XX x0x; {kxlxzpqr(r—l)s(s _1) —kxlxzpqrzsz +kx1x2pqr2s2 —kxlxzquZS(s _1)
1 Xy X3 Xy

+kx,x, pgr’s’ — kx,x, pgr(r —1)s’ ~ i p(p=1)r(r=1)s(s —1) + b2 p(p—1)rs?
—nxyx,p(p=1)grs +mx,x,p(p=grs(s =1) —mx,x,p(p=1)grs® +mox,p(p—1)gr(r-1)s
222 2

+Zx22p2rzs(s—1) — I p’r’s® +nx,x,plqris —mx,x,p qrs(s—l) +mx, X, p°qrs’ —nx,x,p’qr’s

b p’ris’ +Dgp r(r—l)s2 —nx2x4p2qr(r—1)s +mx, X, p°qrs’ —mx,x,p’qrs’ +nx2x4p2qr28}

1 APx}Px2xl x;* Agrx!xixix;0®
1 2 3 4 1 77277374 2.2 2.2 2
|J| P 2 { i xlx,x,qrs(s —1)  +Kxix,x,qrs® = knx,x,x,x, pqrs
17+27¥37%4

+ ki, x3 x, prs(s - 1) +klxx3x,prs®  + knx,x,x,x, pqrs + kmx,x,x; pqs(s - 1) — kmx,x,x; pgs’
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+mnx,x2x,p(p—1)gs —Imxixl p(p—1)s(s —1) + Imx2x; p’s® — mnx,x2x, p>qs — knx,x,x,x, pqrs

+ knx1x2x3x4pqrs - n2x2x3xjp(p - 1)6]7" + nlx22x3x4p(p - I)I’S - nlx§x3x4p2rs + I’l2X2X3ij2q7"}

3x13px2 x;rxjv )
VR R foa(r =1l =1) —ker(s=1) +hvrs —k(r=1)s +bx,pg”'r(s~1)
17¥27%37%4

1 pqrs4

—be,pq'rs  +bopg(r=1)s  —b,pgrs —bo(p-1)g(r=1)s—-1)  +D,(p-1)g'rs
—mxy(p—1)s +mx,(p—1)s 1) — mx; p(s —1) + mx, ps +nx4( 1)(r l) nx4( —1)r +nx, pr
= nx,plr=1);

b A parsx;}Px31x) x2°©

{ kKxiqrs(s—1)  +k’xtqrs®  +klxx,prs(s—1)  +klxx, prs’
|J| X3 %,%,%, B

+kmx1x3pqs(s—1) — kmx,x, pgs” +mnx3x4p(p—l)qs — mnx,x,p’qs —lmx2x3p(p—1)s(s—1)
+lmx2x3pzs2 +nlx2x4p(p—1)rs —nlx2x4p2rs —nzxfp(p l)qr +n2xfp2qr}

3r _3s 3r 3s

% 1 A’ Bpqrsx,”x3'x) x; 1 A’Bpgrsx;”x}'x} x,

=0. (14)

om |J| XX, %, 0 |J| X7X,%,%,0
From the equation (14) we have realized that when per unit cost of principal raw material, m increases, there will
be no effect on the labor X, . Hence, there is no relation between labor X, and principal raw materials X, . It

seems that increase or decrease of one of them will not affect the other.

Now we test the effect on principal raw material X; when per unit cost of it increases. Taking T43 (i.e., term of
4" row and 3™ column) from both sides of (12) we get (Roy et al., 2021; Mohajan & Mohajan, 2022f),

%_)% n
om |J|[ 14] | |[ 44]

=2 Cofactor of Cy + L Cofactor of C “
1 1

=B W, W, Wy 0 -B -B, -B,

ﬁ_Bz VVZI VV;z VV24 +i_Bl VVII VVIZ VVM

|J| _B3 VV31 W32 VV34 |J| _Bz VVZI Vsz W24

- B4 W:u W:u VKM - B4 I/V41 W42 I/V44
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The relation (15) indicates that per unit cost of principal raw material, m increases; the tendency of purchasing

principal raw material Xx; decreases. In this state we observe that the organization may face decreasing returns
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to scale (Mohajan; 2021c, Mohajan & Mohajan, 2022f).

Now we study the effects on irregular inputs X, when per unit cost of principal raw material, m increases. Taking
T, (ie., term of 5™ row and 3™ column) from both sides of (12) we get (Islam et al., 2010a; Roy et al., 2021),
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From the equation (16) we have observed that if per unit cost of principal raw material increases; the tendency of
purchasing irregular inputs X, decreases. It seems that irregular input is complementary to principal raw
material. When the price of X; goes up, citizens of the country buy less of it, and consequently level of
consumption of X, also decreases, because complementary goods are used together; for example, tea and sugar
(Mohajan, 2022; Ferdous & Mohajan, 2022).

8. Conclusions

In this study we have tried to discuss sensitivity analysis of various inputs when per unit cost of principal raw
material increases. Every organization’s principal target is profit maximization, and sensitivity analysis is a
conducible step in this respect to predict about the future production. In this article we have used Lagrange
multiplier method to make the 4-dimensional constrained problem to a higher dimensional unconstrained problem.
We have used budget constraint to operate Cobb-Douglas production function as our profit function.
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