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Abstract

In this paper, we investigate the generalized Hyers-Ulam stability of the following reciprocal functional equation
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in non-Archimedean space using a direct method.

Keywords: reciprocal functional equation, non-Archimedean space, Hyers-Ulam-Rassias stability
1. Introduction

Stability of functional equations have been studied by many authors and is by now a classical subject. It at least
goes back to the question posed by S. M. Ulam (1964) in 1940. The first affirmative answer to this question was
given by Hyers (1941) in 1941. It is noteworthy that the result of Hyers marked the inauguration of a series of
academic publications in the stability theory of functional equations. In 1978, Th. M. Rassias (1978) gave a
remarkable generalization of the Hyers’s result which allows the Cauchy difference to be unbounded. Latterly,
the problem of stability for different functional equations and more in different spaces have been considerably
explored by many authors (see for example (A. Grabiec, 1996; B. Belaid, E. Elqorachi & Th. M. Rassias, 2008;
Y. J. Cho, Th. M. Rassias & R. Saadati, 2013; H. Y. Chu, D. S. Kang & Th. M. Rassias, 2008; G. Isac & Th. M.
Rassias, 1993; G. Isac & Th. M. Rassias, 1996; S. M. Jung, 1996; S. M. Jung, 2001; S. M. Jung, 2011; S. M.
Jung, Th. M. Rassias & C. Mortici, 2015; M. S. Moslehian & Th. M. Rassias, 2007; A. Najatim & Th. M.
Rassias, 2010; R. Saadati, Y. J. Cho & J. Vahidi, 2010)).

The functional equation
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is called a reciprocal functional equation. In particular, every solution of the reciprocal functional equation is
said to be a reciprocal mapping. In 2010, a generalized Hyers-Ulam stability problem for the reciprocal
functional equation was proved by Ravi and Kumar (K. Ravi & B.V. Senthil Kumar, 2010).

Since then, numerous reciprocal functional equations and reciprocal-quadratic, cubic, quartic, quintic and so on
have been discovered and studied by mathematicians with many interesting stability results (see for example
(Ravi, K., Rassias, J.M. & Senthil Kumar, B.V., 2015; Sadani, 1., 2020; K. Ravi, J. M. Rassias & B. V. Senthil
Kumar, 2010; K. Ravi, J. M. Rassias & B. V. Senthil Kumar, 2011; K. Ravi, E., 2011; K. Ravi, E. Thandapani &
B.V. Senthil Kumar, 2014; Kim, S.O., Senthil Kumar, B.V. & Bodaghi, A., 2017)).

In (Sadani, I., 2020), the author investigated the general solutions and stability of the following reciprocal type
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functional equation
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with x,y € X = R— {—c} where c is the constant appears in the general solution

a
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In this paper, we investigate generalized Hyers-Ulam-Rassias stability of functional equation (2) in
non-Archimedean space.

2. Preliminaries

In this section, we recall some basic definitions and properties about non-Archimedean fields.

* A valuation is a function |- | from a field K into [0,00) such that 0 is the unique element having the 0
valuation, |xy|= |x||y| and the following strong triangle inequality holds:
|x + y| = max{|x].|y[}. (€)

* A field K with a valuation on it is called a valued field.

* A valuation which satisfies the triangle inequality (3) is called a non-Archimedean valuation and the field is
called a non-Archimedean field.

. Let (K |- be a  non-Archimedean  valued field. Then, for  each
nelN[nl=|1+1+--+1] <max(|1].|1]--, 1D =1

* Let £ be a field. The map defined by |x] =1 for x = 0 and |0] = 0 is called trivial valuation and is a
non-Archimedean valuation.

*For any prime number p the completion @, of the field (¥ of rational numbers with respect to the p —adic

—-r

valuation |- |, given by |a|,=p™" if a= p"= and the integers m,n are not divided by p, is a
n

non-Archimedean valued field. Its elements are called p —adic numbers.

*Let p be an irreducible polynomial in R[x]. The p —adic valuation |- |, on the rational function field

f
ul
P

R(x) is defined by 0], =0 and

= eiu where u € Z,and f,h € BR[x],h # 0 are not divisible by p.
This valuation is non-Archimedean and R(x) is a non-Archimedean valued field (for more details, see (Paulo

Ribenboim, 1999)).

Let ¥ be a vector space over a field & with a non-Archimedean valuation |- |. A function ||-||:¥ — [0, o)
is called a non-Archimedean norm if the following conditions hold:

(D) ||xll=0 ifand only if x =0 forall x €Y,

() llax|l = |a|||x|| forall a € K and x €Y,

(3) the strong triangle inequality holds:

llx + vl = max{[|x[L.l[¥Il},

forall x,v € Y. Then (Y,||-]|) is called a non-Archimedean normed space.
Let {x,}a=, be asequence in a non-Archimedean normed space Y.

*A sequence {X,}n—; in a non-Archimedean space is a Cauchy sequence if and only if, the sequence
{X,41 — X, In=y converges to zero.

*The sequence {x,} is said to be convergent if, for any € > 0, there are a positive integer N and x € ¥ such
that

lIx, —xll <€,
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for all n= N . Then the point x €Y is called the limit of the sequence {x,}, which is denote by
lim,_.x, = x.

n—oo
*If every Cauchy sequence in ¥ converges, then the non-Archimedean normed space X is called a complete

non-Archimedean space.
3. Stability of Functional Equation (2)

Hereinafter, we suppose that X defined as above and L be a complete non-Archimedean field. We are now in a
position to state our main result. Let fi: X 2 - L be a mapping such that

Aglgalzin#(zn+lx' 2n+1y) =0

4
forall x,v € X and let for each x € X the limit
Y(x) = limmax{|2|*u(0, 2¥*1x);0 < k < n}
n—oo
)
exists. Assume that f:X — L is a mapping satisfies
ty 2ffy)  2f(aty)f(y—x)
2 () - ey < uCo ).
JEANTINT) "t sro=m-raenl = HOY) ©
Then
g(x) = lim 2" f(2™x)
TL—o0
(7
exists for all x €. X and defines a reciprocal mapping g: X — L such that
lf () — g =¥(x) (8)
for all x € X. Moreover, if
lim lim max{|2|*u(0, 2¥*1x);j<k<n+,}=0
—COTL— 00
! )
then g is the unique reciprocal mapping satisfying (8).
Proof. Substitute (x,y) by (0,2x) in (6), we get
2r(0)r(2x)
|Fe0 = ZEE2 < ueo,2x).
r()+7(2x) (10)
We replace x by 2"x and multiplying by 2™ in (10), we obtain
2nHr(o)r (27 ) +1
n n o < n n
|2 f(2m0) - ELOLETD) < 20, 2 1)
which is equivalent to
2nf (2"x) - ———————| < [2|"u(0,2"*x)
2“+1f(’2“+1x) T 2n+1ff0) (1 1)

for all x € X. It follows from (4), the right-hand side of (11) tends to zero as 1 — ¢o. Thus the sequence
{27 f(2"x)} is a Cauchy sequence. Since L is complete, so {27 f(2"x)} is convergent. We set

g() = lim 2" (2™0).

By induction, it is straightforward to obtain that

lg (x) — fG)I = max{|2[*u(0,2* x); 0 < k < n} (12)
forall n € W and all x € X. By taking n to approach infinity in (12), and using (5), we get (8). By (4) and (6),
we have



INNOVATION IN SCIENCE AND TECHNOLOGY DEC. 2022 VOL.1 NO.5

xty\ | 2PCOFD) | 2GS |
|}r Cxty)+f ( 2 ) PR -2 -ra+y)l

2n+1(x+y)) _ 2”+1f(2n+1x)f(2“+1y)

— T n n+l n
= lim [2"f (2" (2x + ) + 2" (*— Ty,

_ 2L (2™ (eby (2™ (y—x))
3™ (y-x))-r (2" (x+y)) (13)

for all x,v € X. Therefore the function f: X — L satisfies (2). To show the uniqueness of g, let h: X = L be
another function satisfying (8). Then

| < lim[2["u (2" x, 2" y) = 0.

lg () — h(x)| = lim |2]"|g (2" 1x) — h(2™ %))
n—oo
= ,!im |2["max{|g(2™*1x) — h(2"*1x)], |g(2™ 1x) — h(2™*1%)]}

< lim lim max{|2|*u(0, 2*"'x);j = k < n +j}

Jjoen—o
=0
for all x € X. Therefore g = h, and the proof is complete.

The following corollaries are an immediate consequence of Theorem 3. Let € => 0 be a constant. If f: X — L
satisfies

XYY 270D A NI | _
lf @t +f ( 2 ) F@+)  3rO—D-reyl T (14)

for all x,yv € X , then there exists a unique reciprocal mapping g : X — L  satisfying (2) and
HIf(w) — gl <€ forall x €X.

Proof. Letting p(x, ¥) = € in Theorem 3, we obtain the required result.

Let € = 0 and a # —1, be fixed constants. If f: X — L satisfies

xty\ | 27(0F0) | 2f @)y |
lf @x+y)+f ( 2 ) FEOHI) 37— (x+y)l

= e(|x]* + [yl (15)
for all x,y € X, then there exists a unique reciprocal mapping g: X — L satisfying (2) and

12]%€lx|, a>-1,

[f(x)—g)| = E

21 a< —1,

forall x € X.
Proof. Considering p(x, y) = €(|x]|® + |y|®) in Theorem 3 the desired result follows directly.
Let 7:[0,00) —]0,+022] be a function satisfying

t(12]t) = (12D (@) (€ =0),z(12]) < |2].
Let § > 0 and f:X — L be a mapping satisfying

XY\ 277 | 27 () (=) |
|f @x+y)+f ( 2 ) FEHrO)  3r(y—x)-f(x+y)l

= 8(x(|xD +=(yD)

with X,y € X. Then there exists a unique reciprocal mapping h: X — L such that

Il f(x) —h(x) lI= 67(2]x]) (x € X).
Proof. Defining p: X x X —]0,+o0] by p(x, y) = 6(7(|x|) + 7(|¥])). On the one hand, we have

lim |2 (2", 2" y) < lim 272 (12" ulx, ) = lim (12] 2(12D)" u(x, ¥)
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= lim z(|2D)(2[z(12D)"n(x, y) = 0.
for all x,y € X. On the other hand,
Y(x) = rli_{:clnnlax{QZIkﬂ(O, 2Kt1):0 = k < n} = u(0,2x) = 8§ (v (|2x])),
and
}i_{lclnlli_r)rclomax{jilikp(ﬁ, 2k j=sk<n+jl= jl_i_)IgiZ}j,u(O, 2itiy) = 0.

Applying Theorem 3, we get desired result.
4. Conclusion

We have proved the stability of a reciprocal type functional equation

. xty\ _ Y (xr(v) | 2Flety)ry—x)
f@x+y)+ f( 2 ) T OO+ | -0 f(xty)

in non-Archimedean space using the direct method.
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