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Abstract
In this paper, we investigate the generalized Hyers-Ulam stability of the following reciprocal functional equation

in non-Archimedean space using a direct method.
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1. Introduction
Stability of functional equations have been studied by many authors and is by now a classical subject. It at least
goes back to the question posed by S. M. Ulam (1964) in 1940. The first affirmative answer to this question was
given by Hyers (1941) in 1941. It is noteworthy that the result of Hyers marked the inauguration of a series of
academic publications in the stability theory of functional equations. In 1978, Th. M. Rassias (1978) gave a
remarkable generalization of the Hyers’s result which allows the Cauchy difference to be unbounded. Latterly,
the problem of stability for different functional equations and more in different spaces have been considerably
explored by many authors (see for example (A. Grabiec, 1996; B. Belaid, E. Elqorachi & Th. M. Rassias, 2008;
Y. J. Cho, Th. M. Rassias & R. Saadati, 2013; H. Y. Chu, D. S. Kang & Th. M. Rassias, 2008; G. Isac & Th. M.
Rassias, 1993; G. Isac & Th. M. Rassias, 1996; S. M. Jung, 1996; S. M. Jung, 2001; S. M. Jung, 2011; S. M.
Jung, Th. M. Rassias & C. Mortici, 2015; M. S. Moslehian & Th. M. Rassias, 2007; A. Najatim & Th. M.
Rassias, 2010; R. Saadati, Y. J. Cho & J. Vahidi, 2010)).
The functional equation

(1)
is called a reciprocal functional equation. In particular, every solution of the reciprocal functional equation is
said to be a reciprocal mapping. In 2010, a generalized Hyers-Ulam stability problem for the reciprocal
functional equation was proved by Ravi and Kumar (K. Ravi & B.V. Senthil Kumar, 2010).
Since then, numerous reciprocal functional equations and reciprocal-quadratic, cubic, quartic, quintic and so on
have been discovered and studied by mathematicians with many interesting stability results (see for example
(Ravi, K., Rassias, J.M. & Senthil Kumar, B.V., 2015; Sadani, I., 2020; K. Ravi, J. M. Rassias & B. V. Senthil
Kumar, 2010; K. Ravi, J. M. Rassias & B. V. Senthil Kumar, 2011; K. Ravi, E., 2011; K. Ravi, E. Thandapani &
B.V. Senthil Kumar, 2014; Kim, S.O., Senthil Kumar, B.V. & Bodaghi, A., 2017)).
In (Sadani, I., 2020), the author investigated the general solutions and stability of the following reciprocal type
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functional equation

(2)
with where is the constant appears in the general solution

In this paper, we investigate generalized Hyers-Ulam-Rassias stability of functional equation (2) in
non-Archimedean space.
2. Preliminaries

In this section, we recall some basic definitions and properties about non-Archimedean fields.
• A valuation is a function from a field into such that is the unique element having the
valuation, and the following strong triangle inequality holds:

(3)
• A field with a valuation on it is called a valued field.
• A valuation which satisfies the triangle inequality (3) is called a non-Archimedean valuation and the field is
called a non-Archimedean field.
• Let be a non-Archimedean valued field. Then, for each

• Let be a field. The map defined by for and is called trivial valuation and is a
non-Archimedean valuation.

•For any prime number the completion of the field of rational numbers with respect to the adic

valuation given by if and the integers are not divided by , is a

non-Archimedean valued field. Its elements are called adic numbers.

•Let be an irreducible polynomial in . The adic valuation on the rational function field

is defined by and where , and are not divisible by .

This valuation is non-Archimedean and is a non-Archimedean valued field (for more details, see (Paulo

Ribenboim, 1999)).

•Let be a vector space over a field with a non-Archimedean valuation . A function
is called a non-Archimedean norm if the following conditions hold:

(1) if and only if for all ,
(2) for all and ,
(3) the strong triangle inequality holds:

for all . Then is called a non-Archimedean normed space.
Let be a sequence in a non-Archimedean normed space
•A sequence in a non-Archimedean space is a Cauchy sequence if and only if, the sequence

converges to zero.
•The sequence is said to be convergent if, for any , there are a positive integer and such
that
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for all . Then the point is called the limit of the sequence , which is denote by

•If every Cauchy sequence in converges, then the non-Archimedean normed space is called a complete
non-Archimedean space.
3. Stability of Functional Equation (2)
Hereinafter, we suppose that defined as above and be a complete non-Archimedean field. We are now in a
position to state our main result. Let be a mapping such that

(4)
for all and let for each the limit

(5)
exists. Assume that is a mapping satisfies

(6)
Then

(7)
exists for all and defines a reciprocal mapping such that

(8)

for all . Moreover, if

(9)

then is the unique reciprocal mapping satisfying (8).
Proof. Substitute by in (6), we get

(10)

We replace by and multiplying by in (10), we obtain

which is equivalent to

(11)
for all . It follows from (4), the right-hand side of (11) tends to zero as . Thus the sequence

is a Cauchy sequence. Since is complete, so is convergent. We set

By induction, it is straightforward to obtain that

(12)
for all and all . By taking to approach infinity in (12), and using (5), we get (8). By (4) and (6),
we have
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(13)
for all . Therefore the function : satisfies (2). To show the uniqueness of , let be
another function satisfying (8). Then

for all . Therefore , and the proof is complete.
The following corollaries are an immediate consequence of Theorem 3. Let be a constant. If
satisfies

(14)
for all , then there exists a unique reciprocal mapping : satisfying (2) and

for all
Proof. Letting in Theorem 3, we obtain the required result.
Let and , be fixed constants. If satisfies

(15)

for all , then there exists a unique reciprocal mapping satisfying (2) and

for all
Proof. Considering in Theorem 3 the desired result follows directly.
Let be a function satisfying

Let and be a mapping satisfying

with . Then there exists a unique reciprocal mapping such that

Proof. Defining : by . On the one hand, we have
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for all . On the other hand,

and

Applying Theorem 3, we get desired result.
4. Conclusion
We have proved the stability of a reciprocal type functional equation

in non-Archimedean space using the direct method.

Subjclass [2010]. 39B52, 39B72
References
B. Belaid, E. Elqorachi, Th. M. Rassias, (2008). On the Hyers–Ulam stability of approximately Pexider

mappings, Math. Inequal. Appl., 11, pp. 805-818.
H. Y. Chu, D. S. Kang, Th. M. Rassias, (2008). On the stability of a mixed n-dimensional quadratic functional

equation, Bull. Belg. Math. Soc. Simon Stevin, 15(1), pp. 9-24.
Y. J. Cho, Th. M. Rassias, R. Saadati, (2013). Stability of Functional Equations in Random Normed Spaces,

Springer, New York.
A. Grabiec, (1996). The generalized Hyers-Ulam stability of a class of functional equations, Publ. Math.

Debrecen, 48, pp. 217-235.
D. H. Hyers, (1941). On the stability of the linear functional equation, Proc. Nat. Acad. Sci. U.S.A., 27, pp.

222-224.
G. Isac and Th. M. Rassias, (1996). Stability of -additive mappings: applications to nonlinear analysis, Int. J.

Math. Math. Sci., 19, pp. 219-228.
G. Isac, Th. M. Rassias, (1993). On the Hyers–Ulam stability of additive mappings, J. Approx. Theory, 72, pp.

131–137.
S. M. Jung, (1996). On the Hyers-Ulam-Rassias st ability of approximately additive mappings, J. Math. Anal.

Appl. 204, pp. 221-226.
S. M. Jung, (2001). Hyers-Ulam-Rassias Stability of Functional Equations in Mathematical Analysis, Hadronic

Press, Palm Harbor.
S. M. Jung, (2011). Hyers–Ulam–Rassias St ability of F unctional Equations in Nonlinear Analysis, Springer

Optimization and Its Applications, 48.
S. M. Jung, Th. M. Rassias, C. Mortici, (2015). On a functional equation of trigonometric type, Appl. Math.

Comput. 252, pp. 294-303.
M. S. Moslehian, Th. M. Rassias, (2007). Orthogonal stability of additive type equations, Aequ. Math. 73, pp.

249-259.
A. Najatim, Th. M. Rassias, (2010). Stability of a mixed functional equation in several variables on Banach

modules. Nonlinear Anal, 72, pp. 1755-1767.
K. Ravi, B.V. Senthil Kumar, (2010). Ulam-Gavruta-Rassias stability of Rassias reciprocal functional equation.

Glob. J. Appl. Math. Math. Sci, 3, pp. 57-79.
K. Ravi, J. M. Rassias, B. V. Senthil Kumar, (2010). Ulam stability of generalized reciprocal functional equation

in several variables, Int. J. Appl. Math. Stat, 19, pp. 1-19.
R. Saadati, Y. J. Cho, J. Vahidi, (2010). The stability of the quartic functional equation in various spaces, Comput.

Math. Appl, 60, pp. 1994-2002.



INNOVATION IN SCIENCEAND TECHNOLOGY DEC. 2022 VOL.1 NO.5

6

Ravi, K., Rassias, J.M. and Senthil Kumar, B.V., (2015). Ulam stability of a generalized reciprocal type
functional equation in non-Archimedean fields. Arab. J. Math. 4, pp. 117-126.

Th.M. Rassias, (1978). On the stability of linear mapping in Banach spaces,Proc. Amer. Math. Soc.,72, pp.
297-300.

Idir, S. (2020). On the Stability of the Functional Equation. Tatra Mountains Mathematical Publications, 76(1),
71-80.

K. Ravi, J. M. Rassias, B. V. Senthil Kumar, (2010). Ulam stability of generalized reciprocal functional equation
in several variables, Int. J. Appl. Math. Stat., 19, pp. 119.
K. Ravi, J. M. Rassias, B. V. Senthil Kumar, (2011). Ulam stability of reciprocal difference and adjoint funtional

equations, Australian J. Math. Anal.Appl., 8(1), pp. 118.
K. Ravi, E., (2011). Thandapani, B.V. Senthil Kumar, Stability of reciprocal type functional equations, Panam.

Math. J. 21(1), pp. 59-70.
K. Ravi, E. Thandapani, B.V. Senthil Kumar, (2014). Solution and stability of a reciprocal type functional

equation in several variables, J. Nonlinear Sci. Appl., 7, pp. 18-27.
Kim, S.O., Senthil Kumar, B.V. and Bodaghi, A., (2017). Approximation on the reciprocal-cubic and

reciprocal-quartic functional equations in non-Archimedean fields, Adv Differ Equ, 77.
S. M. Ulam, (1964). Problems in Modern Mathematics, Science Editions, John Wiley and Sons.
Paulo Ribenboim, (1999). The theory of classical valuations, Springer Monographs in Mathematics,

Springer-Verlag, New York.

Copyrights
Copyright for this article is retained by the author(s), with first publication rights granted to the journal.
This is an open-access article distributed under the terms and conditions of the Creative Commons Attribution
license (http://creativecommons.org/licenses/by/4.0/).


