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Abstract

Utility maximization policy is essential for the sustainability of the firms and organizations. In this article, two
Lagrangian multipliers are used to perform the research successfully. Moreover, the paper takes attempts to run
with four commodities and two constraints, such as budget constraint, and coupon constraint. In the study, both
Hessian and Jacobian are used to show the mathematical calculations precisely and concisely. The sensitivity
analysis among two commodities and one price unit of commodity are included in this paper for forecasting on
the economic model during the utility maximization procedure.
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1. Introduction

Utility maximization policy is the best way for the sustainability of the organizations. Because, in the society, the
individuals want to obtain the highest level of satisfaction from their purchasing goods and utility maximization
helps in this regard (Kirsh, 2017). The concept of utility was established in the late 18™ century by the English
moral philosopher Jeremy Bentham (1748-1832) and English philosopher John Stuart Mill (1806-1873)
(Bentham, 1780; Read, 2004). The US economists John V. Baxley and John C. Moorhouse have analyzed an
example of utility maximization, subject to a budget constraint (Baxley & Moorhouse, 1984). Utility influences
the organizations to take decision for the future optimum industrial productions (Fishburn, 1970).

The Lagrange multiplier method is a very useful and powerful technique in multivariable calculus. In
mathematical economics, it acts for transforming a constrained problem to a higher dimensional unconstrained
problem (Islam et al., 2009a, b, 2011). Utility maximization helps the organizations to achieve the maximum
profit within the fixed budget (Eaton & Lipsey, 1975).

To predict the future productions of the industries, sensitivity analysis is necessary. In the study we have
introduced implicit functions with meaningful economic behavior (Mohajan & Mohajan, 2022a). During the
mathematical analysis we have used bordered 6x6 Hessian determinants (Mohajan & Mohajan, 2022c). In this
study we have considered the optimization problems of economics from a somewhat wider perspective (Islam et
al., 2010; Mohajan, 2021b).

2. Literature Review

The literature review section is a scholarly portion of theses, research papers or books. It deals with the existing
knowledge and allows the researcher to identify relevant theories, methods, and gaps in the existing research
(Creswell, 2007). It is a secondary research source and does not report a new or a coming research work (Gibbs,
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2008). Famous economists John V. Baxley and John C. Moorhouse have discussed the utility maximization
method using an explicit example of optimization (Baxley & Moorhouse, 1984). Distinguish mathematician
Jamal Nazrul Islam and his coauthors have analyzed the utility maximization policy. In their study they have
provided reasonable interpretation of the Lagrange multipliers (Islam et al., 2010).

Jannatul Ferdous and Haradhan Kumar Mohajan have shown a profit maximization problem (Ferdous &
Mohajan, 2022). Lia Roy and her coworkers have consulted on cost minimization and have shown mathematical
formulation in some detail (Roy et al., 2021). Devajit Mohajan and Haradhan Kumar Mohajan have tried to
discuss profit maximization by using four variable inputs (Mohajan & Mohajan, 2022a). Later, in two papers
they have discussed utility maximization methods elaborately (Mohajan & Mohajan, 2022b, c).

Haradhan Kumar Mohajan has worked on utility maximization of Bangladeshi consumers (Mohajan, 2021a). He
and his coauthors have highlighted on optimization problems for the social welfare (Mohajan et al., 2013).
Pahlaj Moolio and his coauthors have used a Lagrange multiplier to solve optimization problems elaborately and
proficiently (Moolio et al., 2009).

3. Methodology of the Study

Methodology in any creative research is the organized and meaningful procedural works that follow scientific
methods efficiently (Kothari, 2008). Research methodology provides the principles to the researchers for
organizing, planning, designing and conducting a good research. Therefore, it is the science and philosophy
behind all researches (Legesse, 2014). In this paper, we have considered four commodities X;, X,, X;,and
X, and two Lagrange multipliers ﬂq and 22 . We have expanded the bordered Hessian, and have applied the
implicit-function theorem. First, we have studied the consumption of commodity «; when its price p,
increases. Later, we have analyzed the consumption of commodity &, when the price p, of commodity «;
increases. Finally, we have provided the meaningful interpretation of the desire results.

In the study we have tried our best to maintain the reliability and validity. We have tried to maintain the ethical
credibility by citing references properly both in the text and reference list (Mohajan, 2017b, 2021c¢). In this study
we have used both published and unpublished secondary data sources of optimization (Islam et al., 2012a, b;
Mohajan, 2018, 2020). We have reviewed the journal articles, conference papers, published books and
handbooks, internet, websites, etc. during the preparation of this paper (Chowdhury et al., 2013; Mohajan, 2011,
2012a, b, 2014, 2022a, b).

4. Objective of the Study

The main objective of this paper is to analyze sensitivity of the commodities with respect to prices during the
operation of utility maximization of a firm. The other minor objectives are as follows:

e  to use the implicit function theorem of the multivariate calculus, and
e  to present mathematical calculations in some details.
5. An Economic Model

Let us consider an economic world where there are only four commodities that are X 1> X 5, X;,and X 4
(Moolio et al., 2009; Roy et al., 2021). Let a consumer wants to purchase only @, , @, , @;,and Q,
amounts from the four commodities X 1 X 25 X 5> and X 4 » respectively. The utility function on these four

commodities is given by (Mohajan, 2022c; Mohajan & Mohajan, 2022b),
va,,a,,a;,0,)= a0, (1)
The budget constraint of the consumer can be represented as,
B=pa,+p,a,+pa; +p,a, ()

where p,, p,, p,,and p, are the prices of per unit of commodities «&,;, &,, &;,and «Q,, respectively.

Now the coupon constraint is given by,

K =ca, +c,a, +co, +c,a, (3)
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where ¢, ¢,, C;,and C, are the coupons necessary to purchase a unit of commodity of &, «,, 5,

and @, , respectively.

Using (1), (2), and (3) we can express Lagrangian function v(al,az,a3,a4,il,),2) as (Mohajan, 2017a;
Ferdous & Mohajan, 2022),

V(aloaza s, 0, 4,4, ) =000, + %(B — D0 — PO, — Py —p40£4)
+4, (K -0 —C, 0, — G0, —c4a4). 4)

Lagrangian function (4) is a 6-dimensional unconstrained problem that maximizes utility functions; where ﬂ,l

and ﬂz are two Lagrange multipliers that are used as devices of mathematical procedures.

Now we consider the bordered Hessian (Roy et al., 2021; Mohajan & Mohajan, 2022a),

0 0 -B -B -B -B,
0 0 -K -K, -K, -K,

-B —-K v Vv Vv v
i i I 12 13 14
H|= . (5)
-B, —-K, v, Vo Vo3 Vas
-B, -K, V3 V3, Vi3 Viy

-B, —K, Vi Vi

Now taking first and second order and cross-partial derivatives in (4) we obtain (Mohajan & Mohajan, 2022c¢);
B =p, B,=p,, B,=p,, B,=p,.
K =c¢, K,=¢,, K;=c¢,, K,=¢,. (6)
v =0, v, =v, =aa,, v;=v, =a,a,,
Vig =V =0, vy =0, vy =vy, =y,
Vag =V = Q3, Vi3 =0, vy = v =i, vy =0, (7)

Weuse p, =p, and p, =p,,ie., a pair of prices are same, and ¢, =¢; and ¢, =¢,, i.e., a pair of
coupon numbers are same. Now we consider that every term contains p,p,C,C, , ie., we use
pl2 = p22 = p32 = p32 =pp, and cl2 2622 = 032 = 032 =c,c, , where the terms contain square, then (5)
becomes (Mohajan & Mohajan, 2022b);

|H| =-2p,p,cc, <0. (8)

We can determine Lagrange multiplier 4, > 0 as,

A = oy, 224G ©)
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For a,, @,, a;, @, ﬂq,and ﬂz interms of p,, p,, Ps, Py, €, C,, C3, C4, B, and K we can

_ o o4, A, 04, A, oa, da,
calculate the sixty partial derivatives, such as , s ey , ey T ey iy
p,  Op dc,  Oc p, ac,
o4 04, . . . . .
5_3 yeery, —,ctc. (Islam et al., 2010). Now we consider Jacobian matrix (Mohajan & Mohajan, 2022a);
0 0O -B -B, -B, -B,]
0 0 -K, -K, -K, -K,
-B -K v v \% v
J= 1 1 11 12 13 14 (10)
-B, -K, vy Vo Va3 Vo4
-B, -K, Vi V3, Vi3 V34
—-B, —-K, Vai Vi Va3 Vg

is non-singular at the optimum point (al* 5 0{; R 063* ,Q :, ﬂ: R ﬂ; ) Since the second order conditions have been
satisfied, so the determinant of (10) does not vanish at the optimum, i.e., |J | =|H | ; and we apply the

implicit-function theorem. We have total 16 variables in our study, such as /11,12 ,

Oy Oy, Oy Oy Py Pys D3y Pys €15CyyCy,Cy s B, and K . By the implicit function theorem, we can write
(Moolio et al., 2009; Islam et al., 2011),

a =G(p1,p2,p3,p4,cl,cz,c3,c4,B,K). (11)
2

Now the 6x10 Jacobian matrix for G, regarded as J ¢ 1s given by (Mohajan, 2021a),

(04, 04, 04 04 04 04 04 04 04 OA
o, o, op, o, 0c o, dc, oc, OB K
oA, O0A, O0A, 04, 04, O0OA, 04, OA, 04, 04,
op, Op, Op; Op, Oc Oc, Oc; Oc, OB 0K
da, Oa, Oa, Oa, Oa, Oa, Oa, Oa, OJOa O,

op, ©Op, Op; Op, O Oc, Oc; Oc, OB OK
T = oa, Oa, Oa, Oa, Oa, Oa, Oa, Oa, JOa, oa,| (12
op, o, Op, Op, ©Oc O, Oc; ©Oc, OB OK
Ja, Oa,; Oa, Oa, Oa, Oa, Oa, Oa, Oa, Oa,
op, ©op, ©Opy; Op, Oc  Oc, ©Oc, Oc, OB OK
Joa, o0Oa, Oa, oOa, Oa, oOa, Oa, OJa, Oa, OJa,
op, o, ©0Op, Op, O Oc, Oc, Oc, 0B OK
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- a -,
0 0
—_J! —4 0
0 -2
0o -
i 0

. . -1
The inverse of Jacobian is, J

-a, —a,
0 0
0 0
0 0
A 0
0 -4
1
::F;T(jT

transpose, then (13) becomes (Mohajan, 2017a; Islam et al., 2011),

0 0 0

-a, -a, -—a,

-4 0 0
0 -4 0
0 0 -2
0 0 0

1
0
0
0
0
0

-a, -, -0, —a, 0 0 0 0 1
0 0 0 0 - -a -o a, O
J - 1 o~ A 0 0 0 -4 0 0 0 0
oo -4 o0 0 0 -4 0 0 0
0 -4 0 0 0 -4 0 0
i 0 0 -4 0 0 0 -4 0
Now 6x6 transpose matrix C " canbe represented by,
G, G, G G G Gy |
G, G G G G Cor
7 = Gy Gy G G Gy Ces
G, G G Gy G Cos
Cs G Gs  Gs G Cos
G Gy Gs GCGo G o
Using (15) we can write (12) as 6x10 matrix,
__alcll_/LCw _azcll_/LCM _O%Q1_21C;1 _a4C;1_/11C6]
-G, 4G, —C,—4C,  —a(,-4G, —,C,— 4G,
J, _ 1 —0,C; - 4G, —a,C;—A4GC, -G -AG;  —a,G—AG,
|J| -G, = 4G, -G, =AC, -G -AG, —0,C, = 4G,
G5 = 4G —aGs—ACGs oG- AGs -G —AG
|~ G —AG, —a,C—AC,  —oG—AG,  —aG—AG
_a2C21 _ﬂzczu _%Czl _ﬂzcsl —O{4C21 _ﬂzcsl Cll C21
—0,C, =4,C —o5Cy—AC, -Gy =A4G, Ca Gy,
G, = 4,C; —o,C3—AG -0, -G, G Cys
—0,Cy = 4G, -G —AC,  —a,G—AC, G, Gy
—,C5—A,Cs —,Cis=A4,Cs —0,Cs—ACGs G Cs
—0,C=4,C —o,C—AC —0,C =G Gy Cs
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(13)

S O O O = O

,where C = (Cij ), the matrix of cofactors of J,and 7 indicates

(14)

S O O O = O

(15)

_alCZI _/11C31
—0,Cy, = 4G,
—,Cyy —AG;
-G —A4C,
—,Cys—AC;
—0qCys—AC

(16)
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Now we analyze the nature of consumption of commodity ¢, when its price increases. Taking T3, , (i.e., term

of 3 row and 1* column) from both sides of (16) we get (Islam et al., 2011; Mohajan & Mohajan, 2022c),

oa, 1
A= |—C,-A1C
o, |J| [ a,C;—4 33]

= ﬁ[%cn + 21C33]

:ﬂcn"'ﬁcm
|J|[ ]|J|[ ]

=4 Cofactor of C,+ A Cofactor of C,,
Y Y
0 0 -K, -K, -K, 0 0 -B, -8B -B,
o -B, -k Vi2 Vi3 Vig A 0 0 -K, -K, -K,
= m -B, -K, v, Va3 Vg | + m -B, -K, v, Vo3 Va4
-B; -K, Vi Vi3 Va4 -B; -K, Via Vi3 Vg
-B, -K, Vi Vi3 Va4 -B, -K, Vi Va3 Vi
-B K vyowy - B Ko v, vy
_a K, —B, K, vy vy 1K, -B, -K, v, Vo4
|J| =B, Ky vyoovy —By —Ky vy vy
- B, K, vy vy -B, -K, v, Vs
-8B -K, Vi2 Vi3 0 -B, -B, -B,
K, - B, K, vy Va3 + ﬁ B, 0 -K, -K, -K,
- B, K, Vis Vi3 |J | -K; v, Vi3 Viq
-B, -K, Vi Va3 -K, v, Vi3 Vs
0 -B, -B, -B, 0 -B, B, B,
+B, 0 -K, -K, -K, _B, 0 -K, K, K,
-K, vy Vs Vs -K, vy, Vs Vs
-K, vy Vs Va -K, vy Viz, Vi
o K, vy vy =B, vy vy - B, K, vy
=m —KA=B|-K; vy vy +K=By vy vy +vs|=By —Ky vy,
L -K, vy vy -B, vy vy, -B, -K, v,
-B, -K, vy —K, vy vy =B, vy, vy -B, -K, vy
—Vul=By Ky vy|p K =B 1=Ky vy, vy | K =By vy, vyl v By K vy,
-B, —-K, v; K, vy, vy -B, v, v, -B, -K, v,
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—-B, -K, vy —K, vy vy =B, vy vy
—Vu|=B; —K; vy, —K=B-Ky vy, vy +K =By vy, vy
- B, K, vy, K, v, v, -B, vy v
-B, -K, vy, -B, -K, vy A B, =B, —B,
tvpl—B; —K; vy —Vu|= By — K, V3o +M -B—-K-K, —-K; —K,
-B, -K, v, -B, -K, Vi Vo Va3 Vaa

—-B, -B; -B, -B, -B; -B, -B, -B, -B,

+K:t _Kz _K3 _K4 +B} _Kz _Kz _K3 K4 +K4 _Kz _K3 _K4

Vi, W3 Wy Vi Va3 Vu Vo Vi3 Vy

-B, -B, -B - B, By -B,

_%
V1

2.2 2
[BlK2V34 - B K,Kvy;vyy —BK,Kvyvyy —B,KK,vyy +B,KK,vyvy, —BKK,v,vs,
2 2
+ B, K, K, vi3vyy —BKyvyvy, —BK,K,v;vy, +B,K,Kyv,vy, +B,K,Kyv,vyy —BK v,vs,
2.2 2
-B,K,K,v,vy; +B,K,K;v,vy; —BK,Kv, vy, +BK;vy, —BK,K\yv, +BKK;v,v,
2
- B,K\K;v,,
2 2
+ B, K\ Kvyvy, — B, K K v,vsy + BK, K, vsy + By K K v, vy, — B K Ky, — B K K v, vy,

2.2
+ B K Kvyvyy + B K Ky, vy, —B KK,y —BK,K,vyvy, —BKKwvy,v, +BK,vy

2 2
+ B K\ Ky vy, —BK Ky, —B,K,Kv,vyy +B,K,Kv,vyy —B,Kiv,vyy +BK Ky,

A
+ B, K K v,vy + B KK, vi3v,, _BszVBVB - B,K,K,v3vy, +B4K2K4V13V23] +M[_B§K3K4V34

+B,B,K K v,, +B,B,K,K,v, _BzB4K32V24 _BzzK3K4V34 +B,B,K,K,vs, _BzB3KjV23
+B,B,K;K,v,; +B,B;K,K,v;, _B32K2K4V24 _BsB4K22V34 +B,B,K,K;v,, +B,B;K;K,v,,
- BzBsKjvza - B32K2K4V24 +B,B,K,K,v); +B,BK,K;v;, — B3B4K22V34 +B,B,K,K v,

_BjK2K3V23 _BzB4K32V34 +B,B,K,K;v,, - BB, KK vy, +BfK32V23]

24 2 2 2 2 2 2 2 2 2
= m [plczal Q) — PiCC0L QG0 — PICCLO QLA — PrCIC 0L A, + PUCiCO QLA — P3CiC,0 QO
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2 2 9 2
T D00 0,0, T PCAAL,A, T PICCAAL00, T PLCCOALAQ, Tt DGO, O
2 9 2 2 2 2 2 2

T PG00 05 — DCCO 050, T PACCN G050, — PICGOL G0y T PIGQ Ay — PICGCLQR, O

2 2 2
T D CGOA,050, — DGO Oy DGR A0, — DGO OL,050, T PG, a0,
2 2 o 2 2 2 2 2

1 P3CC 00050, — PuCI OO A, — DyCiOG QL0 — PCICO Ay + DRCC OGO 0 — PuCHCL0L QL a5,
2 2 2 2 2 2 2 2 2

T PICCL O 00 T DIGCOL O30 T POy T PIGCO 00, Tt PICCOL QR0 — PyCiCy Oy Oy

2 2 2 2
T PGCO 0050, + DIGCOGH00, T PC00R0, + DUCCOGRA, Tt PyCiC 00y

2 2 2 2
T DrGC 00050, — P00 Qh0y — PiGC0n 05050, +p4czc4a1a3a4] T [—pzc3c4ala2

2 2 2
T Py P3C3C0 05 + Py DGO, — Py PuCi Qs — PrCC R, + Py PG, — PrPiC,

)
J

2 2

T PrPsCCONO, T Dy PCCLON0, — PRCCaNG, = Py Pyl 0Oy + P3PaCrCa Ay + D) P3G AN QL
2 2 2

T PaPyCs0 8y T P3G 0N05 T PyPACCONT, T Py PG00, — PiPUC GGG, T Py PyCCL 00,

2 2 2 2
T P4CC 000 — Py PuCi OOy + Py PyCrC0L O, — Py PyCiCu0L 0 + PGy 0(1064]

_ 2 )CZ2 2 ( 2 )Ot2 2 ( 2)a2 2
= m [(Plcz — D06 0@, +\pi6;s — piese, —2pseic oy a; +\-pioc, tpc e a,

2 2 2 2
AT +(- e, —2pce ), +(pyeie, —2picse, Ja ane,
+\p0c, — poc; i,y +{P,C,C5 — D5, ja, Ay

( Jor; ( el ( e
T\P4C\C T+ pieicy ey sy T\ P3C5C, — oGy )05, T\ P3C,C5 — PrCy JoH O,

2 2
4{mqg—p&q—2m%q+2mggkm%%a{4—%q+2mqq+pppJ%%aJ

+|217| (2p3cic, +2m,pics0,+2p.p s, = PpiC = PGS = Papi€E + Pipicics ot

+ (2p2p3c3c4 - ]92]94032 - 2p32026’4 + D3 P4CyCs )a1a3

+ (_ p2p3cf + Py P4C5C, — p2p3cj +2p3pcyc, — pjczc3 T P3P4CCy T p§C32 )a1a4]

a7
Nowusing @, =&, =a; =a, =1 in(17) we get,



LAW AND ECONOMY FEB. 2023 VOL.2,NO.2

1 2 2 2
:m [(pICZ T PGy DIy T PCC, F2PCo0s + PreiCy + PuCiCy + PiCC, + DyCyCy T PaCiCy

+ P3C,0
2
+ psce, + puciey + 21740304) - (pZCICZ +2p;¢i05 + PyCiCy + pucy, + prcic, + picic, +2pic,e,

A

|J| (2p2p3czc4

2 2 2 2 2
+2pscyc, +2picye; +pce, +p,c; +pcy + ey +pic +p302)] +

F2D,D4CoC3 + P3P4CACy 2D, P3CC, + P3PuCYCy + PaPyCiC, +2P3pyeoe, +ch32) _(217220304

2 2 2 2 2 2 2 2
+ DyD4Cy F D3P4Cy F DyDsCy + PaPuCy +2P5CoC, + Py P3Cy + Dy P3Cy + PiCaCy +p3p4c3c4)]. (18)
We consider; p,=p,=p;=p,=p.,and ¢, =C,=¢;=c¢, =C, then |J| :—2p2c2 and 4, =1;(18)

gives,

2 2
o _—pe e 1, w0
op, |J| —-2pc 2p

Relation (19) indicates that if the price of commodity «; increases, the level of consumption of «; will also
increase. In these circumstances we consider that commodity «; is a superior good, and it has no other
substitutes to get (Islam et al., 2010; Mohajan & Mohajan, 2022c).

We consider p; =p, and p, =p,;and ¢;=¢,,and ¢, =C,,then |J| = |H| =—2p,P,C,C,, and from
O using o, =, =a; =a, =1 we get,
6 —q
CPy~ 6P
Using the value of ﬂ1 from (20) in (18) we can write,

(20)

2

oa, _Pas +p2012 _4p1c§ _P1C12 —DiG6G + (cz —G )(p1p2€§ +3pp,cc, _p§c22 - p;clz -2p; 012)(21)
op, —2p,p,cic, —2p,pycic, (Czpl —Gp; )

where ¢, p, # ¢, p,.Now let ¢, =c¢, =c, then from (21) we get,

oq, _ 90, —2p, ‘ (22)
op, 2pp,
If 9p, >2p, then from (22) we can write,
% >0. (23)
op,
Which bears the same properties as of the relation (19).
If 2p, >9p, then (22) gives,
% <0. (24)
op,
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Relation (24) indicates that if the price of commodity ¢, increases, the level of consumption of «; will

decrease. This situation seems reasonable result in the sense that commodity «; has many substitutes; and
hence consumers switch to substitutes when price of commodity «; goes up.

If 9p, =2p, then from (22) we can write,

éa,
op,

0.

(25)

Equation (25) indicates that if the price of commodity ¢, increases, there seems no effect on the level of

consumption of goods ¢, . It looks like commodity ¢, is a necessity and it has neither complementary nor

supplementary goods (Islam et al., 2010).
Now we analyze the nature of consumption of commodity ¢, when the price of ¢, increases. Taking T}, ,
(i.e., term of 4" row and 1% column) from both sides of (14) we get (Mohajan & Mohajan, 2022b),

0 1
- _m[_ a,Cy - /11C34]

op,

1
= m [0‘1C14 + /11C34]

A
|J| [C34]

_ %

|J| [C14]+

a
=—Cofactorof C,, +

A Cofactor of C,,

Y 1
0 0 -K -K, -K, 0 0 -B -B, -B,
“ -B, -k, vy Vi3 Vig A 0 0 -K -K, -K,
m -B, —-K, v, Vys Vou —m B, -K, v, vy Vyu
-B, -K, V31 Vi3 V34 -B, -K, Vi1 Vi Vs
-B, —-K, Vy Vi Vi -B, —-K, Vi Vi Vi
-B -K v vy =B -K vy vy -B, -K, v, v
__a =B, —K, vy vy K -B, -K, v, vy _K -B, -K, vy vy
|J| 1 -B; —K; vy vy ’ -B, —K; vy vy = B, =K, v, vy
-B, —K, v; vy -B, —K, v, vy -B, =K, vy Vg
0 0 -K, -K, 0 0 -K, -K, 0 0 -K -K,
A _B =B, K, vy vy +B -B, -K, v, Vaa| =B, -K, v, vy
|J| l -B, —-K; vy, Va4 ’ -B; -K; vy Va4 ) -B, -K;, v V32
-B, -K, v, Vs -B, -K, v, Vs -B, -K, v, Vi
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-K, vy vy B, vy vy -B, -K, v,
Q
:_m —K\—B|-K; vy vy|+K||=B; vy; vy, +v,—=B; —K; vy,
K, vy vy =B, vy vy -B, -K, vy
-B, -K, vy
Vil—B; —K; vy
-B, -K, v,
-K, vy vy -B, K, v, -B, —K, vy
+K =B -K; vy vy +K,|-B; —K; vy —Vi|=B; —K; vy,
K, vy vy -B, -K, v, -B, -K, v,
—K, vy vy —B, vy vy -B, -K, v,
K= B|-K; vy vy +K,\|=-B; vy vy —V|= By —K; vy
K, vy vy —B, vy, vy -B, -K, v,
2 -B, -K, v, -B, -K, vy,
_m —B—K,)-B; —K; vy |+K,|-B;, —K; v,
-B, —K, v, -B, -K, v,
-B, —K, vy -B, —-K, v, -B, -K, vy,
+B,y—K,|-B, —K; v, +K,-B; —K; vy -B—K|-B, —K; vy,
-B, -K, v, -B, -K, v, -B, =K, v,
-B, —K, v,
+K,|- B, K, vy
-B, —-K, v,
a,

:_M[31K1K2V324 —BK\K,Bvyvy, —BKK;v,vs, _BzK12V324 +B4K12V23V34 +BaK12V24V34

—B,K\Kyv3vyy + B K Kyvyvy, — B K Kyvi3vyy + B K Ky, +B,K Kyv, vy, —BK K,v,vy,
+BK\Kv,v,; —B,KKyv,v,, —BK,Kv,v,, +BKKyv,v, +BlK32V14V24 —B K K, vi3vy,
_BzK1K32V34 +B,K K, Kyvy,  +BK KKy, _B4K1K32V24 +BzK32V124 +B,KK v,
—-B,K,Kv,vy —BK K,y +B4K32V12V14 - B K,K,v;vy, +BKKv,vy, —BKK,v,v,,

+ BlKjV13Vz3 + B K\ Kvi3vyy — B K Kv,vyy +BKKv,v,, —BKKpy,v), +B,K:K,v;v,
A
- BszV123 -B,K,K,v;v, + B4K2K4V123 + B3K3V12V13 - B4K3K4V12V13] _m [_ B\B,K,K Vs,

+BlB4K22V34 +B,B,K,K,v,, —B,B,K,K;v,, —BB,KKv,, +BleKjV23 + B B;K,K v,

11
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—B,B,K,K vy, +B§K1K4v34 -B,B,K\K;v,, —B,B,K\K,v,, +B,B,K Ky, +BB,KKyw,
_BleKfVB +BB,K,K,v, —BBK,K; —BIB3Kfv12 +BB,K;K,v,, +B,B,K K,
-B,B,K\K,v,; —B;B,K K,v,, +BjK1K2V23 -B,B,K,K;v,, +B,B,K,K,v; _B3B4K22V14

+BfK22V13 - B,B,K,K,v, +BfK2K3V12]

_ _ﬂ[ 2 2 2 _ 2 —p.ctala’ + p.clal + p.cta’
|J| PiCiCO Gy — PICCA OhQ, — PICICO OG0, — PrCr a0, + DrC O O Qy T DRG0 QL0
2 2 2
D GG 0, T+ PICCOA,Q, T PiCC OG0, PICCRALAQ, T PLCCOA, A,
2 2
T D3CG00, Q5+ PiCICALA0, — PUCCGRIALAA,  — PICCOLA, Q5+ PICCO 050,

2 2 2 2 2 2 9
T PIGAA0; — PICGCAAL0A,  — P,CCIOA, T PG T, T PGyt PG, O
2 2 2 2
+ PG ey, T PG00, 05 T DiCCOLO R, T+ DICCOLOLO0, — PIC,C o0y
2 2 2 2
T PG00, T DGO, T DGCOG,0, T PGCO0L050, T+ DGO 0,050,

2 2 2.2 2 2 2 2 2 2
T PACCL 000, + DrCCOL A0, — DhCy0G 0y T PRCyC 0L 00 T PaCyCy Oy Oy +p3c4a2a3a4]

A 2
_m[_ np.cc,aa, +ppc,aQ, T Py P3C,C 0Oy T PaP4CrC04C — P1DP2C3C404 O

2 2
+ PPy T+ PIPLC,CONO — PIPLC,CLA, + PrCIC R, — Py PUCICLA,  — Dy PCICOL O
2 2
T PaPsCICO 0, + PIPLCCLOL05 — PiPyC GO0, + PiPRCCOL 0, — Py PaC 0000, — PiP3C OG0,
2
t P\ P4C5CLO0, + Py PyCICONCO — Py PUCICLONO, — Dy PACICLONCL + PLCIC0H0, — Py PyCrCiOh Oy

2 22 2
T Py PsCrC 000, — D3 PuC, OGO + PyC, AL O, — D3 PuC,CLA5Q, +p402030{30{4]
_051[( 2)0!22 222(2 )azz 2 2 2
—_m DPiCICy — DrCy J Oy + DRG0, 0 +\PiCy + PUCyCy JOL Oy + PG QGO0 — PRCiCL AL, 05 QL
< e i
+\= DiCiCy — PiCICy + PrC + PsCy o a0 + = PoCICy + PICICy, — PiCyCy + PHrCIC, )AL QA

2 2
+ (pZCICS = P3CICy = PiCyCy — PyCyCy )alaz a; + (pzcsc4 — P3C,C4 + PrC5Cy )0!2 a;a,

2 2 2 2 2
+ (_ PrCiC5 + PyCiCyCy — PuCiCy )alaz + (_ P4C\Cqy— PrCy + P3Cy )a2a3a4 ]
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_|217|[(— PIPACsCy + PuDACE + PR, — Pypicics e,

+ (p1pzcj T DiP4CrC, T Py PsCCy T pfclcz )0(10(4

( 2 Jeats + (- ppac o
T\D1P,C3Cy F D1 P3CrCy = PrPuCrCs = P3PyCy JOLAs +\— P PyCy — PiP4CLC, + Py PuCrCy )L,
+ (p2p36’26’4 = P2 D4CrCy = PiD2C3Cy F Py P3CLCy — Do P3CICs + 2D, PuCiCs — Py P4CIC, )a1a3

2 22 2
+ (_ P1P3Cy F PiP4CCy+ PLCy — P3PUCCy+ PUCHCy )a3a4]
(26)
Now we use p, =p, and p, = p, where pair of prices are same, and ¢; =¢, and ¢, =¢,, ie., two
types of coupon numbers are same. Weput @ =Q, =03 =Q,; = 1 then (26) becomes,
oa, 1

_ 2 2 2 2 2 2 2
ap = _m [p101cz —DPC T D¢ PG, F PG, —PiCiC, —PiC TP T PG — P
!

2 2 2 2
+pc, —piC, +PGC, P —PiICC, — PiCC, — PrCiC, t PrCiC, — PG, Tt PrGC, Py

3 2 3 2 2 A 2 2
T DICC, T Py T PrCCy T PG T PG, T Prly +p102] _m[_p1pzclcz + P1P2C;, T PrGiC,

2 2 2 2 2 2 2 2 2
= P1Cy + DiPLCICy — PICICy, = PiDLCIC, + PLCICy — PiDCL +2P5C — PiPD,CCy + PiP,Cy — PiDLC)

2 2 2 2 2 2 2 2 2 2 2 2
— DG C, T PCC, HPIPCC, +PiC, D CC, — PP, T PiP,C, PPy T P6 PG

2 2 2 2
+ P D,C 6, + p,C, — DPiDP,6, +pzclcz]
(27)
Now we use 4, =1 and |J| =-2p,p,c,C, in(27), and then we get,
oa, _(2 )—1[ ) ) 2 2 2 2 2 2
P =\2PiPrCiCy ) |PICy T 2DPCC, F PrCp —2PCIC, + PrCiCy — PGy + PICC, — PiP2C PG
|

—3p,p,C5 +2p§c§]. (28)

Nowweuse p,=p,=p and ¢, =C, =C in(28), and then we get,

oa 1
2=— 2(pc2+pc3)>0. (29)
op, 2pc
The relation (29) indicates that if the price of the commodity ¢, increases, the level of consumption of «,
will increase. This situation shows that goods &, and ¢, are supplementary; that is, when price of ¢, goes

up people switch to its supplementary commodity ¢, ; for instance, tea and coffee (Islam et al., 2010).

G, 6

and |J | =-2p,p,c,c, inrelation (27) we get,
GP =GP,

Using 4, =
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oo 1
2 = (plclz +2p,cc, +p2C12 _2p1c1c2)
op,  2pp,cic,
1 c,—¢

J’_
2p,pycic, ¢p—ap,

where ¢, p, # ¢\ p,

2 2 2 2 2 2.3 2 3
Ja, _ S5PiP2CiCy — PiCiCy — PrCiCy —2P5¢ + 2P Dy¢ ¢y — Pocy

(pacics — pac? + pieics — pipact + pict =3p,pyc? +2p

op, —2p1p20102(02p1 _c1p2)

) 3 23 3 2 2 2
+ D,C ¢, =3P, p,C; +2p,c; — pacic, + pycic; —2preic

—2p P66y (czp1 - Clpz)

where ¢,p, # ¢, p, . Now let,c, = ¢, =, and then from (30) we get,

O, _ pl+5p;—4pp,—2p,
op, Y22 (pl —p2)

_ (pl _2p2)2 +p; —2p,
plpz(p1 _pz)

where p, # p,.
If p, > p,>2 then relation (31) gives,

oa,

op,

>0

which has same properties as in relation (29).

If p,>p, and p, <2 then relation (31) provides,

oa,

op,

<0.
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(30)

€2))

(32)

(33)

Relation (33) indicates that if the price of the commodity ¢, increases, the level of consumption of ¢, will

decrease. This situation shows that goods &, and ¢, are complementary; that is, when price of «, goes up

people buy less of it; consequently, level of consumption of ¢, also decreases, as because complementary

goods are used together; for instance, lemon and tea (Islam et al., 2010).

If p,>p, and p, >2 thenrelation (31) offers,

oa,

op,

<0.

The goods behave same as (33).
If p,>p, and p, <2 then relation (31) provides,

oa,

op,

>0.

This shows same properties as in relation (32).

If p,>p, and p, =2 we have from relation (31),

(34

(35)
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oa,
op,

=0. (36)

In this case we observe that commodities &, and «, are non-related goods, for example, text books and
apples. Therefore, if the price of the commodity ¢, increases, there seems no effect on the level of the
consumption of goods ¢, (Islam et al., 2010).

6. Conclusions

In this study we have applied the technique of Lagrange multipliers during the investigation of the optimization
problems. We have taken attempts to discuss utility maximization policy subject to two constraints: budget
constraint and coupon constraint. We have tried to provide sensitivity analysis, that is, we have tried to discuss
the situation, for example, if the price of a certain commodity rises, how an individual consumer behaves. We
have used four commodity variables to develop the paper successfully. When we face difficulties working with
four commodity variables, we have made some assumptions, such as we consider two commodities equal to
unity. Later, we have considered all commodities are of unit amount, and prices of two commodities are same,
and also two types of coupon numbers are same. In the study we have tried to show mathematical calculations in
some details.
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